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1. 1 Axioms of probability theory

Throughout this book
,
we use Kolmogorov's axioms

.

Axiom / : PCE)ER
,

70 £
Axiom2 : plate) =L

Axiom 3 : 6- additivity

p(UEi)= ≤PCEI) if Ei 's are

disjoint .

A probability space = {r , F ,P}
rssampk space

or → non- empty set WER
↳outcome

F-→ set of subsets of r called events

↳
6- algebra satisfying following properties

Al : REF
A2 : 98 A C- F

,
A' C- F

A-3 : If A,BGF
,

AUB C-F

P→ probability measure on F satisfying
Kolmogorov's properties



Borel sets → smallest topology covering all
open balls in a given space .

Borel 6 algebra B
"

of subsets Ñ is the
smallest 6 algebra containing all sets of the form
Tai

,
bi] ✗ [azsbz ] ,✗ .

- . . [an ,bn] .

Continuity Of Probability ) Suppose 131,132
, .
. . _

is a

sequence of events
⑨ If BIC Bac - - - - then limy.→•P(Bj)=PCv,Bi )
(b) If B,> Bz > _ . . - then lion PCBg) = PC??,Bi)

j→o

1.2 Independence and conditional probability

Events At ,Az , _ . . Ar are defined to be

independent if
PCA, ,Az ,

. . .
AR) = PLAN? (Az)

.
. .
PCAR)

11-1,1+2,1+3 are independent if :

PCA, Az)
= PCADPCAZ)

P(Az
,
Az)- PCA2) PCA3)

PCA , , Az) = PLAN Putz)

PCAi.AZ/733--PCAc)PCAz)PCAs)

A-1,172,173 are pairwise independent if
PCAI , Az) = PCAI

,
Az)

÷
only for 2 events at a

time



Conditional probability of A given B , where AB are
events and PCB) -1-0 .

PCAIB)= PCAUB)

⇒

Events Es
,
Es
,
. . - ER are said to form a partition of

R if the events are mutually exclusive and

ETUEZU . _ _ Er = I and

El Er
PCEI)tPLEz)+ - - - PCER) = I

E,

PCA> = PCAEI)+PCAEz)+ MAE})
=P (Alec )PCED-iPCAIEDPI-zl-PCAIE.JP/ED

^

PCEI /A)P(A)= PCAIEI)P
PCEI/A)= PlA1EpP,lEi)

The event {An infinitely often} is the set of
w C- I such that w C- An

,
for infinitely many

values of no

Borel- Cartelli lemma : Let (An :n≥i) be a

sequence of events and let pn= Plan)

(a) If É?,Pn < • , then P {An infinitely often}=0

(b) If ᵗÉ,Pn= 00 , and Ayaz
,

. . . are mutually independent,
then P{An infinitely often} -

- I



{An infinitely often} =

≥ ,
Un≥rEn

{An eventually } = K≥ , ?≥rEⁿ
1.3 Random Variables & their distributions

f-✗ (c) = P{was ✗ ≤ c} =p {✗ ≤ c}

p{ ✗ < c) = Fx (c-e)

P {✗=c}= Fx (c) - Fx Cc - E)

A function F is the CDF if :
Aces F is non - decreasing

f- (1) = -0Az : lion ⇐ (A)=\
, ¥1s

-•✗→00

173 : F is right continuous

Discrete random variable → probability mass function
Cpmf)

pxcx)=P{ ✗=x}

Fxcx> = E Pxcy)

y≤x



Continuous random variable → cumulative density function
a

Fxcx ) = S→fx (g) dy
fx→ probability density

*E function
to ✗ (a) = him I

E-so e- { tox (g)dy

probability measure % :
p× ( ca,b])=P{✗ c- Caio]}

1. 4 Functions of a Random Variable

€5M
¥
←

g(✗(w))

① Examine possible ranges of X, Y

② Find CDF of y : Fy (c)= P{Y≤c3=P{gGD≤ c}

③ Jf Fy has piecewise continuous derivative
,
and if

Pdf by is desired
, differentiate Fy .

let F be a function satisfying the properties of a
CPF
,
and let u be uniformly distributed over the

interval Esi] . The problem is to find a function



g such that F- is CDF of gcu≥
↳
Fxcx> =P {gcu) ≤ ×} = p{vE g-

'

ex)}

= g-
'

(x)

thus
, gcx) = F-

"

(x)

1.5 Expectation of a Random Variable

A random variable is called simple if there
is a finite set {24 , . . . _ in} such that

✗(w) E {29
,

. . _ pen} for all w .
The expectation

M

EEX] - ,§xiP{x=xi}
For continuous random variable

,

EEX] = {Xcw>Pcdw)

obviously
, by definition 8 E[X+Y] = EEX] -1 EEY]

Expectation has the following properties :

1. Linearity → EEXTY] = EIX] -1 EEY]

2. Preservation of order → gf P {×≥Y} =\ ; then EEX] ≥ EEY]

3
. If ✗ has pdf fx then •

EEX] = Sxf×GDdK
-0



4. If ✗ has pmf Px then
E-[×] = §◦kP✗Cx> + ≤xpxlx)

Ko

5. Law of the unconscious statistician (Loews)→ If g
is Borel measurable ,

EEGGD] = { gcxcws)P(dw)

98 ✗ is a continuous random variable

6. Integration by parts formula →

E-[×] = 5%8×4)dk ] Integration by parts
-A

Suxdx = usiidx- Su'$vdx)dx
to

= x - =↳c)dx
VanFX]= E- [(x - E -1×35] = EEF ] - EEX]

≥

•
Markov Inequality : 4>-0

,
c>°

P{y≥c} ≤ EEE]
c-
•↳

Godse ↳ Syfly>dye
0

• Chebyshev Ineauality : If ✗ is a random variable with

finite mean µ and variance
,
then for any d

>

P{Ix- out ≥ d } ≤ 62
It



The characteristic function 10x of a random

variable ✗ is defined by

☆✗ (A) =E[eiu✗]

A.→ real

g- → imaginary IT

Two random variables have the same probability distribution
if and only if they have the same characteristic

function .

If EIXK] exists and finite, then

kik
>
(o)=jkEI×k]

upto order R
toiivative

2- transform of the pmf

*G) = EEE] = %zRp✗CR)
R=0↳

analogous to characteristic function

1.6 Frequently Used Distributions

• Bernoulli : {
P ri --1
I -P ,

E- 0

° -
otherwise

mean=p
van= pctp)

2- transform= I - ptpz



•
Poisson : pci)= É mean __ X

var = ✗
i !

2- transform = exp(✗G-D)

• Binomial : (f) pice- p)
""

mean
-_ pp

Vari npctp)

2-transform-_ G-ptpz)^

• Geometric : pci )
-
_ C-P)

""

p mean = Ilp
Vat '_p¥2- transform ,I⇒pI

memory less property
↳ pcx > itjlx >E) = pcxsj)

• Exponential : fcx> = ✗e-
* mean__ 1A

war = I / 12⑦ = ¥jµ
memooykrs property

• Uniform : fGO= gta meant atblz

var= (b-at /12
a- e÷÷:÷

•
Gamma : fix>= ,x≥o

mean-_ nk

where in)=%sⁿ
- '

e-Sds Var=n/✗2



⑨ = (£gµ↑
• Rayleigh : for)= tzexpl_÷z ) mean= Fk

CDF= 1- exp C-V2 ) war = 642 -E)
E-

1. 7 Failure Rate Functions

Eventually a system or component of a system
would fail .
Let T be the random variable that denotes the

lifetime of this item with Pdf ft .
The failure rate function h :

hct) € Lim
•→◦ PG<T{t-t)

= him F¥⇔{ᵗ>E-so

= ftct) →Pdf

(Ect )
↳ cdf t

Here , f- = 1 - e
{hods



1.8 Jointly Distributed random variables

Let Xyxz, . . . Xm be random variables on a

single probability space (r ,F,P) . The joint
cumulative distribution function CCDF) is the function
on Rm defined by :

Fxixz
,

.
. -Xm
↳

is - - - in)=P(✗,≤ × , ,Xz≤×, . . .
)

If R is the rectangular region R (a)b) ✗ (a:b
'

]

in the plane , then

P{É✗DER}=F(a:b
.

) - Fca
,
, ,
%%{!

- Fca' ,b) + Fca ,b)

By countable additivity axiom of probability
,

Fx
, ,xzG4 ,D) = Fath)

0

f×
,

(4) = Sfx,✗z(4,02)du2
-to

↳ marginal pdf
The joint characteristic function of Xi

,
. . . . ,Xm is

the function on Rm defined by

112 . . _
(0402

, . . . Um)= E[eJ(✗Yt✗&↳+
_ . - )]



Random variables are said to be independent
if for any borel subsets the events are

independent .

Faiz . . .

.GG
,
-
.

-71m)= Fake) F×zG4) .
. . Fxmfxm)

1.9 Conditional Densities
•

by (g) = fofxxGYYT.dk

doxy Gly)= fxytxy)

fyly)
If fylry ) is fixed, conditional pdf is a

function of pdf .

conditional expectation /mean :

E[xlY=y] = ↑xf×µG4y) dx
→

1.10 Correlation and Covariance

correlation= EEXY]

covariance = E- [ (✗- Eti])(4- EEE])]=Cou(✗,y)

correlation coefficient = CovC_

t-ara



A fundamental inequality is Schwarz's inequality
/ E-[xy] / ≤ JE¥EÉÑ

The Schwarz 's inequality is equivalent to the
E triangle inequality for random variables :

E- [1×+45]
"'
≤ E- [×]

' "

+ e-[yrs]
"

Cova.NET#gyJ
↳ Applying Schwarz's inequality on G- EAT)

and µ-EG])

Cox (X
,
Y)= E[✗ CY - E [y])]=E[Cx-E[✗3) 4]
= EIXY] -EEXJEEY]

If X or Y has mean 0
,

6×1447=0

If ×,Y are independent , they are uncorrelated .

Gu(✗+4,0+4)=Gu(✗,U)-16×(4117+66,0) -16×(4/11)

Cov (axeb
,
CY +d) = ac Cox (×,Y)

suppose Sm=XitXz+
. _ . Xm

War (Sm) = Coulson
,
Sm)

=

{ Vasai)
-1 E Coxlxi,Xj)

i,j;itj



1011 Transformation of random vectors

✗ = (¥
.

)
let

g
be a one-to - one mapping from Rⁿto R?

g-gcx)

Suppose that the Jacobian matrix of derivatives ¥-6)
is continuous in x and non singular for all x. By the
inverse function theorem of vector calculus

,
it follows

that the Jacobian matrix of the inverse mapping

axes> = ( }÷⇔J
'

Ty

fist ¥¥÷⇒\


